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Abstract
T. Dupuy, E. Katz, J. Rabinoff, D. Zureick-Brown introduced total p-differentials
on schemes over Z/p2Z. We study the same construction for schemes over Z(p) and
prove a regularity criterion. For local rings, the same object is constructed in a
different way by O. Gabber, L. Ramero.
In another article, we will use the sheaf of FW-differentials to define the cotangent
bundle and the micro-support of an e´tale sheaf.
Let p be a prime number and P =
(X + Y )p −Xp − Y p
p
∈ Z[X, Y ] be the polynomial
appearing in the definition of addition of Witt vectors. For a ring A and an A-module
M , we say a mapping w : A → M is a Frobenius-Witt derivation (Definition 1.1) or an
FW-derivation for short if for any a, b ∈ A, we have
w(a+ b) = w(a) + w(b)− P (a, b) · w(p),
w(ab) = bp · w(a) + ap · w(b).
For rings over Z/p2Z, such mappings are studied in [3] and called p-total derivation. As
we show in Lemma 1.2.3, we have p · w(a) = 0 for a ∈ A if A is a ring over Z(p) and
then we may replace ap, bp in (1.3) by F (a¯), F (b¯) for the absolute Frobenius morphism
F : A/pA = A → A. The equalities may be considered as linearized variants of those in
the definition of p-derivation [2] or equivalently δ-ring [1].
After preparing basic properties of FW-derivations in Section 1, we introduce the
module FΩ1A of FW-differentials for a ring A endowed with a universal FW-derivation
w : A → FΩ1A in Lemma 2.1. If A is a ring over Z(p), then FΩ
1
A is an A/pA-modules
by Corollary 2.3.1. If A itself is a ring over Fp, then the A-module FΩ
1
A is canonically
identified with the pull-back F ∗Ω1A of Ω
1
A by the absolute Frobenius F : A→ A by Corollary
2.3.2. For a local ring A with residue field k = A/m of characteristic p, FΩ1A ⊗A k is
canonically identified with the k1/p-vector space defined by Gabber and Ramero in [4,
9.6.12] as we show in Corollary 2.9.
The construction of FΩ1 is sheafified and we obtain a sheaf of FW-differentials FΩ1X
on a scheme X . At each point x ∈ X such that the residue field k(x) is of characteristic p,
we show in Proposition 2.6 that the fiber FΩ1X,x ⊗OX,x k(x) is an extension of F
∗Ω1k(x) by
F ∗(mx/m
2
x) where F
∗ denote the scalar extension by the absolute Frobenius F : k(x) →
k(x).
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The main result is a regularity criterion proved in Theorem 3.1, under a suitable
finiteness condition. Using Proposition 2.6, we prove that the regularity of X at every
point of XFp = X ×SpecZ SpecFp is equivalent to the condition that FΩ
1
X is a locally free
OXFp -module of the correct rank.
In the final section, we study the relation of FΩ1X with H1 of the cotangent complex.
The author thanks Luc Illusie for comments on earlier versions, for discussion on cotan-
gent bundle and on notation and terminology. The author thanks Ofer Gabber for indi-
cating another construction of the module and for the reference to [4] and [3]. The author
thanks Alexander Beilinson for suggesting similarity to [2] and [1]. The research is partially
supported by Grant-in-Aid (B) 19H01780.
1 Frobenius-Witt derivation
Definition 1.1. Let p be a prime number.
1. Define a polynomial P ∈ Z[X, Y ] by
(1.1) P =
p−1∑
i=1
(p− 1)!
i!(p− i)!
·X iY p−i.
2. Let A be a ring and M be an A-module. We say that a mapping w : A → M is an
Frobenius-Witt derivation or FW-derivation for short if the following condition is satisfied:
For any a, b ∈ A, we have
w(a+ b) = w(a) + w(b)− P (a, b) · w(p),(1.2)
w(ab) = bp · w(a) + ap · w(b).(1.3)
By Lemma 1.2.3 below, for a ring A over Z(p), Definition 1.1.2 is essentially the same
as [3, Definition 2.1.1] since the condition (3) loc. cit. is automatically satisfied. In fact,
for a perfect field k and for r = ap + pb ∈ R = W2(k) and the Frobenius ϕ : R → R, we
have ϕ(r) = ϕ(a)p + pϕ(b) ≡ rp + pbp mod p2. Further by (1.2), (1.5) below, (1.3) and by
p ·w(p) = p · w(a) = p · w(b) = 0 in Lemma 1.2.3 below, we have w(r) = w(ap) + w(pb) =
bp · w(p) = (ϕ(r)− rp)/p · w(p).
Lemma 1.2. Let A be a ring and w : A→M be an FW-derivation.
1. We have w(1) = 0. Let a ∈ A and n ∈ Z. Then, we have
(1.4) w(na) = n · w(a) + ap · w(n).
If n ≧ 0, we have
(1.5) w(an) = nap(n−1) · w(a).
2. For n ∈ Z, we have
(1.6) w(n) =
n− np
p
· w(p),
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In particular, we have w(0) = 0.
3. Assume that A is a ring over Z(p). Then, for any a ∈ A, we have p · w(a) = 0.
4. Assume that A is a discrete valuation ring such that p ∈ A is a uniformizer and
that the residue field k = A/pA is perfect. Then, the mapping w : A → k defined by
w(ap + pb) ≡ bp mod pA for a, b ∈ A is well-defined and is an FW-derivation.
In particular, for A = Z(p), the mapping w : Z(p) → Fp defined by w(a) =
a− ap
p
mod p is an FW-derivation.
Proof. 1. By putting a = b = 1 in (1.3), we obtain w(1) = 0.
Set wa(n) = n ·w(a) + a
p ·w(n). Then, by (1.2) and P (n,m)ap = P (na,ma), we have
wa(n +m) = wa(n) + wa(m)− P (na,ma) · w(p). Since wa(1) = w(a), we obtain (1.4) by
the ascending and the descending inductions on n starting from n = 1 by (1.2).
For n = 0, we have w(a0) = w(1) = 0. By (1.3) and induction on n, we have
w(an+1) = apw(an) + apnw(a) = ap · nap(n−1)w(a) + apnw(a) = (n + 1)apnw(a) and (1.5)
follows.
2. Set w1(n) =
n− np
p
· w(p). Then, by binomial expansion, w1 satisfies (1.2). Hence
we obtain (1.6) similarly as in the proof of (1.4). By setting n = 0 in (1.6), we obtain
w(0) = 0.
3. Comparing (1.4) and (1.3), we obtain (n−np) ·w(a) = 0. Since the p-adic valuation
vp(p− p
p) is 1, we obtain p · w(a) = 0.
4. Since (a + pb)p ≡ ap mod p2, the mapping w is well-defined. Since
ap + pb+ a′p + pb′ = (a + a′)p + p(b+ b′ − P (a, a′)),
we have
w(ap+pb+a′p+pb) = (b+b′−P (a, a′))p ≡ w(ap+pb)+w(a′p+pb)−P (ap+pb, a′p+pb′) mod p
and (1.2) is satisfied. Since
(ap + pb)(a′p + pb′) ≡ (aa′)p + p(a′pb+ apb′) mod p2,
we have
w((ap+pb)(a′p+pb)) = (a′pb+apb′)p ≡ (a′p+pb′)pw(ap+pb)+(ap+pb)pw(a′p+pb′) mod p
and (1.3) is satisfied.
For a ∈ A = Z(p), we have a = a
p + pb for b ∈ Z(p) and b ≡ b
p mod p.
Lemma 1.3. Let A be a ring, B be a ring over Fp and g : A→ B be a morphism of rings.
For a B-module M and a mapping w : A→M , the following conditions are equivalent:
(1) If we regard M as an A-module by g : A → B, then w is an FW-derivation and
w(p) = 0.
(2) If we regard M as an A-module by the composition f = F ◦ g : A → B with the
absolute Frobenius, then w is a derivation.
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Proof. (1)⇒(2): If w is an FW-derivation satisfying w(p) = 0, then w is additive by (1.2).
Further (1.3) means the Leibniz rule with respect to the composition f = F ◦ g : A→ B.
(2)⇒(1): If w satisfies the Leibniz rule, then we have w(1) = 1. Hence the additivity
implies w(p) = 0 and (1.2). The Leibniz rule with respect to the composition f = F ◦ g
means (1.3) conversely.
Proposition 1.4. Let A be a ring and M be an A[X ]-module. Let w : A→M be an FW-
derivation. For a polynomial f =
∑n
i=0 aiX
i ∈ A[X ], let f ′ ∈ A[X ] denote the derivative
and set
Q(f) =
∑
0≦k0,...,kn<k0+···+kn=p
(p− 1)!
k0! · k1! · · · kn!
· ak00 (a1X)
k1 · · · (anX
n)kn ∈ A[X ],(1.7)
w(p)(f) =
n∑
i=0
Xpi · w(ai) ∈M.(1.8)
In (1.7), the summation is taken over the integers 0 ≦ k0, . . . , kn < p satisfying k0 + . . .+
kn = p.
1. Let x ∈ M be an element satisfying px = 0. Then, the mapping wx : A[X ] → M
defined by
(1.9) wx(f) = f
′p · x+ w(p)(f)−Q(f) · w(p)
is an FW-derivation extending w.
2. If A is a ring over Z(p), the mapping
(1.10) {FW-derivations w˜ : A[X ]→M extending w} → M [p] = {x ∈M | px = 0}
sending w˜ to w˜(X) is a bijection to the p-torsion part of M .
Proof. 1. For f =
∑n
i=0 aiX
i, g =
∑n
i=0 biX
i ∈ A[X ], set
f (p) =
n∑
i=0
apiX
pi, R(f, g) =
n∑
i=0
P (ai, bi)X
pi.
Then, we have
(1.11) (f + g)(p) = f (p) + g(p) + pR(f, g), f p = f (p) + pQ(f).
From this and (f + g)p = f p + gp+ pP (f, g), by reducing to the universal case where A is
flat over Z, we deduce
(1.12) Q(f + g) = Q(f) +Q(g) + P (f, g)− R(f, g).
By (1.2), we have
(1.13) w(p)(f + g) = w(p)(f) + w(p)(g)−R(f, g) · w(p).
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Since px = 0, we have (f + g)′p · x = f ′p · x+ g′p · x. This and (1.13) and (1.12) show that
the mapping wx satisfies (1.2).
We show that the mapping wx satisfies (1.3). Since px = 0, we have (fg)
′px = f p ·
g′px+ gp · f ′px. Hence, we may assume x = 0. If f and g are monomials, we have Q(f) =
Q(g) = Q(fg) = 0 and w(p)(fg) = f p · w(p)(g) + gp · w(p)(f) and (1.3) is satisfied in this
case. For f1, f2, g ∈ A[X ], we have w0(f1g+f2g)−(w0(f1g)+w0(f2g)) = P (f1g, f2g) ·w(p)
and ((f1 + f2)
pw0(g) + g
pw0(f1 + f2)) − (f
p
1w0(g) + g
pw0(f1) + f
p
2w0(g) + g
pw0(f2)) =
gpP (f1, f2) · w(p) by (1.13) and (1.12). Since P (f1g, f2g) = g
pP (f1, f2), the equality (1.3)
follows by induction on the numbers of non-zero terms in f and g.
2. If w˜ : A[X ] → M is an FW-derivation extending w, we have w˜(X) ∈ M [p] by the
assumption that A is a ring over Z(p) and Lemma 1.2.3. Further, we have
w˜(f) = f ′p · w˜(X) + w(p)(f)−Q(f) · w(p)
by (1.2) and (1.3). Hence the inverse of (1.10) is defined by sending x to wx.
2 Frobenius-Witt differentials
Lemma 2.1. Let p be a prime number and A be a ring. Then, there exists a universal
pair of an A-module FΩ1A and an FW-derivation w : A→ FΩ
1
A.
Proof. Let A(A) be the free A-module representing the functor sending an A-module M
to the set Map(A,M) and for a ∈ A let [a] ∈ A(A) denote the corresponding element.
Define an A-module FΩ1A to be the quotient of A
(A) by the submodule generated by
[a+b]− [a]− [b]+P (a, b)[p] and [ab]−ap[b]−bp[a] for a, b ∈ A and a mapping w : A→ FΩ1A
by sending a to the class of [a]. Then, the pair of FΩ1A and w satisfies the required universal
property.
We call FΩ1A the module of FW-differentials of A and w(a) ∈ FΩ
1
A the FW-differential
of a ∈ A.
If A is a ring over Z(p), by Lemma 1.2.3, we have p ·FΩ
1
A = 0. For a morphism A→ B
of rings, we have a canonical morphism FΩ1A → FΩ
1
B inducing a B-linear morphism
FΩ1A⊗AB → FΩ
1
B. If A = lim−→λ∈Λ
Aλ is a filtered inductive limit, the canonical morphism
lim
−→λ∈Λ
FΩ1Aλ → FΩ
1
A is an isomorphism.
Proposition 2.2. Let p be a prime number and let A be a ring.
1. Let I be an ideal and B = A/I be the quotient ring. Then the mapping I →
FΩ1A/IFΩ
1
A induced by w : A→ FΩ
1
A is additive. The canonical morphism FΩ
1
A ⊗A B →
FΩ1B induces an isomorphism
(2.1) (FΩ1A ⊗A B)/(B · w(I))→ FΩ
1
B.
In particular, if the ideal I is generated by a1, . . . , an ∈ A, we have an isomorphism
(2.2) FΩ1A/(I · FΩ
1
A +
n∑
i=1
A · w(ai))→ FΩ
1
B.
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If p ∈ I and if F ∗(I/I2) = I/I2 ⊗B B denotes the tensor product with respect to the
absolute Frobenius F : B → B, the isomorphism (2.1) defines an exact sequence
(2.3) F ∗(I/I2)→ FΩ1A ⊗B B → FΩ
1
B → 0
of B-modules.
2. Let S ⊂ A be a multiplicative subset. Then, the canonical morphism
(2.4) S−1FΩ1A → FΩ
1
S−1A
is an isomorphism.
3. Assume that A is a ring over Z(p) and let B = A[X ] be a polynomial ring. Then,
FΩ1B is the direct sum of FΩ
1
A ⊗A B with a free B/pB-module of rank 1 generated by
w(X).
Proof. 1. By (1.2), the composition w : A → FΩ1A → FΩ
1
A ⊗A B satisfies w(a + b) =
w(a) + w(b) for a ∈ A and b ∈ I. Hence its restriction to I is additive and w induces a
mapping w : B = A/I → M = (FΩ1A ⊗A B)/(B · w(I)). Since this is an FW-derivation,
this induces a morphism FΩ1B → M . Since this gives the inverse of M → FΩ
1
B (2.1)
induced by FΩ1A ⊗A B → FΩ
1
B, (2.1) is an isomorphism.
If I is generated by a1, . . . , an ∈ A, the image of w : I ⊗Z B → FΩ
1
A⊗A B is generated
by w(a1), . . . , w(an) as a B-module by (1.2) and (1.3).
Assume that B = A/I is a ring over Fp. Then, the additive mapping w : I → FΩ
1
A⊗AB
is compatible with the Frobenius F : B → B by (1.3) and hence induces aB-linear mapping
F ∗(I/I2) → FΩ1A ⊗A B. Since its image is B · w(I), the sequence (2.3) is exact by the
isomorphism (2.1).
2. By (1.3), the mapping w : S−1A→ S−1FΩ1A given by w(a/s) = 1/s
p ·w(a)−(a/s2)p ·
w(s) is well-defined. Since this is an FW-derivation, we obtain a morphism FΩ1S−1A →
S−1FΩ1A. Since this is the inverse of (2.4), the morphism (2.4) is an isomorphism.
3. Let M be a B-module. Then, by Proposition 1.4 and by the universality of FΩ1,
B-linear morphisms FΩ1B → M corresponds bijectively to pairs of A-linear morphisms
FΩ1A → M and elements of M [p]. Since these pairs corresponds bijectively to B-linear
morphisms (FΩ1A ⊗A B)⊕ (B/pB)→M , the assertion follows.
Corollary 2.3. Let A be a ring over Z(p) and set B = A/pA and B2 = A/p
2A. For a
B-module M , let F ∗M denote the tensor product M ⊗B B with respect to the absolute
Frobenius F : B → B.
1. The A-module FΩ1A is a B-module. The canonical morphism FΩ
1
A → FΩ
1
B2
is an
isomorphism.
2. The derivation d : A→ F ∗Ω1B is an FW-derivation and defines an isomorphism
(2.5) FΩ1A/(A · w(p))→ F
∗Ω1B
of B-modules. In particular, if p = 0 in A = B, the isomorphism (2.5) gives an isomor-
phism
(2.6) FΩ1B → F
∗Ω1B.
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3. Assume that A is a discrete valuation ring, that p is a uniformizer and that the
residue field B = A/pA is perfect. Then, FΩ1A is a B-vector space of dimension 1 generated
by w(p).
Proof. 1. The A-module FΩ1A is a B-module by Lemma 1.2.3.
Since p · FΩ1A = 0, we have w(p
2) = 2pp ·w(p) = 0. Hence the isomorphism FΩ1A/(p
2 ·
FΩ1A +B2 · w(p
2))→ FΩ1B2 (2.2) for I = p
2A is an isomorphism FΩ1A → FΩ
1
B2
.
2. Let M be a B-module. By the universality of FΩ1A, A-linear morphisms FΩ
1
A/(A ·
w(p)) → M correspond bijectively to FW-derivations w : A → M satisfying w(p) = 0.
By the universality of F ∗Ω1B, B-linear morphisms F
∗Ω1B → M correspond bijectively to
usual derivations B → M with respect to the Frobenius B → B. Since B = A/pA, usual
derivations B → M further correspond bijectively to derivations A→ M with respect to
the composition A→ B with the Frobenius. Hence the assertion follows from Lemma 1.3.
3. Since B is assumed to be a perfect field of characteristic p > 0, we have Ω1B = 0.
Hence by the isomorphism (2.5), FΩ1A is a B-vector space generated by one element
w(p). Since there exists a non-trivial FW-derivation w : A → B defined by w(ap + pb) ≡
bp mod pA for a, b ∈ A by Lemma 1.2.4, we have FΩ1A 6= 0.
By Proposition 2.2.2, we may sheafify the construction of FΩ1 on a scheme X . We
call FΩ1X the sheaf of FW-differentials on X .
Lemma 2.4. Let X be a scheme over Z(p). Let XFp and F : XFp → XFp denote the closed
subscheme X ×SpecZ SpecFp ⊂ X and the absolute Frobenius morphism.
1. The OX-module FΩ
1
X is a quasi-coherent OXFp -module. The canonical isomorphism
(2.5) defines an isomorphism
(2.7) FΩ1X/(OXFp · w(p))→ F
∗Ω1XFp .
2. Assume that X is noetherian and that the reduced part XFp,red is a scheme of finite
type over a field k with finite p-basis. Then, the OX-module FΩ
1
X is a coherent OXFp -
module.
Proof. 1. If X = SpecA, the OX -module FΩ
1
X is defined by the A-module FΩ
1
A. Hence
the OX -module FΩ
1
X is quasi-coherent. The OX-module FΩ
1
X is an OXFp -module by
Corollary 2.3.1. The isomorphism (2.7) is clear from (2.5).
2. A field k is formally smooth over Fp by [5, Chapitre 0, The´ore`me (19.6.1)]. Since
the closed subscheme XFp,red ⊂ XFp is defined by a nilpotent ideal of finite type, the
morphism XFp,red → Spec k is lifted to a morphism XFp → Spec k of finite type. Since k
is of finite p-basis, the OXFp -module Ω
1
XFp
is a coherent. Thus, the assertion follows from
the isomorphism (2.7) of OXFp -modules.
A morphism f : X → Y of schemes defines a canonical morphism
(2.8) f ∗FΩ1Y → FΩ
1
X
of OX -modules.
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Proposition 2.5. Let f : X → Y be a morphism of schemes over Z(p) and let fFp : XFp →
YFp denote the base change.
1. The isomorphism (2.7) induces an isomorphism
(2.9) Coker(f ∗FΩ1Y → FΩ
1
X)→ F
∗Ω1XFp/YFp .
2. If f is smooth, the morphism (2.8) is a locally split injection and (2.9) is an iso-
morphism of locally free OXFp -modules of finite rank.
Proof. 1. By the isomorphism (2.7), we have a commutative diagram
OXFp
·w(p)
−−−→ f ∗
Fp
FΩ1Y −−−→ f
∗
Fp
F ∗Ω1YFp −−−→ 0∥∥∥
y
y
OXFp
·w(p)
−−−→ FΩ1X −−−→ F
∗Ω1XFp −−−→ 0
of exact sequences and the assertion follows.
2. Since f is smooth, the OXFp -module Ω
1
XFp/YFp
= Coker(f ∗FΩ1Y → FΩ
1
X) is locally
free of finite rank.
Since the assertion is local on X and on Y , we may assume that Y = SpecA and
X = SpecB are affine. If B = A[T ], the assertion follows from Proposition 2.2.3. Hence,
it suffices to show that the morphism (2.8) is an isomorphism assuming that X → Y is
e´tale.
We may assume B = A[T ]/(f)[1/f ′] for a monic polynomial f ∈ A[T ] by [5, The´ore`me
(18.4.6)]. Then, by Proposition 2.2.3 and 2, the B/pB-module FΩ1B is the quotient of
(FΩ1A ⊗A B) ⊕ (B/pB · w(T )) by the submodule generated by w˜(f) = f
′(p)(T p) · w(T ) +
w(p)(f) + Q(f) · w(p) in the notation of the proof of Proposition 1.4. Since f ′(p)(T p) ≡
f ′p mod pB is invertible in B/pB, the assertion follows.
Proposition 2.6. Let X be a scheme and x ∈ X be a point such that the residue field
k(x) = OX,x/mX,x is of characteristic p. For a k(x)-vector space M , let F
∗M denote the
tensor product M ⊗k(x) k(x) with respect to the Frobenius F : k(x) → k(x). Then, the
sequence
(2.10) 0 −−−→ F ∗(mX,x/m
2
X,x)
w
−−−→ FΩ1X,x ⊗OX,x k(x) −−−→ F
∗Ω1k(x) −−−→ 0
(2.3) of k(x)-vector spaces is exact.
Proof. First, we show the case where X = AnW2(k) for a perfect field k, the ring W2(k) of
Witt vectors of length 2 and an integer n. Then, by Proposition 2.2.3 and Corollary 2.3.1
and 3, the OXFp -module FΩ
1
X is free of rank n+ 1. Let d be the transcendence degree of
k(x) over k. Then, we have dimΩ1k(x) = d and dimmX,x/m
2
X,x = n − d + 1. Since (2.10)
is exact except possibly at F ∗(mX,x/m
2
X,x) by Proposition 2.2.1, it follows that (2.10) is
exact everywhere.
We show the general case. Since the assertion is local on X , we may assume that X is
affine. By taking the limit, we may assume that X is of finite type over Z. By Corollary
8
2.3.1, we may assume that X is a scheme of finite type over Z/p2Z = W2(k) for k = Fp.
We take a closed immersion X → P = AnW2(k) defined by an ideal I. Then, by Proposition
2.2.1, we have a commutative diagram
F ∗(Ix ⊗OP,x k(x)) F
∗(Ix ⊗OP,x k(x))y
y
0 −−−→ F ∗(mP,x/m
2
P,x)
w
−−−→ FΩ1P,x ⊗OP,x k(x) −−−→ F
∗Ω1k(x) −−−→ 0y
y
∥∥∥
F ∗(mX,x/m
2
X,x)
w
−−−→ FΩ1X,x ⊗OX,x k(x) −−−→ F
∗Ω1k(x) −−−→ 0y
y
0 0
of exact sequences. Hence we conclude by the snake lemma.
Corollary 2.7. Let X → Y be a morphism locally of finite presentation of schemes and
let x ∈ XFp = X ×SpecZ SpecFp and y = f(x) ∈ YFp = Y ×SpecZ SpecFp. Assume that
the local rings OX,x and OY,y are regular and that the stalk at x of the sequence
(2.11) 0→ FΩ1Y ⊗OY OX → FΩ
1
X → F
∗(Ω1X/Y ⊗OX OXFp )→ 0
is a split exact sequence. Then X → Y is smooth at x.
Proof. Since the assertion is local, we may assume that Y = SpecOY,y and that there
exists a closed immersion X → P to a smooth scheme P over Y . Then, we have a locally
split exact sequence
0→ FΩ1Y ⊗OY OP → FΩ
1
P → F
∗(Ω1P/Y ⊗OP OPFp )→ 0
by Proposition 2.5. Since the kernel of the surjection OP,x → OX,x is generated by a part
of a regular system of local parameters, we have an exact sequence
0→ F ∗(NX/P ⊗OX k(x))→ FΩ
1
P ⊗OP k(x)→ FΩ
1
X ⊗OX k(x)→ 0
by Proposition 2.6. Hence, if the stalk at x of FΩ1Y ⊗OY OX → FΩ
1
X is a split injection,
then the induced morphism F ∗(NX/P ⊗OX k(x)) → F
∗(Ω1P/Y ⊗OP k(x)) is an injection.
This means that X → Y is smooth at x.
Corollary 2.8. Let X be a scheme and Z be a closed subscheme. Let x be a point of
ZFp = Z ×SpecZ SpecFp such that OX,x is regular. We consider the following conditions:
(1) The stalk at x of the sequence
(2.12) 0→ F ∗(NZ/X ⊗OZ OZFp )
w
−→ FΩ1X ⊗OX OZFp −→ FΩ
1
Z → 0
is a split exact sequence.
(2) OZ,x is regular.
1. We always have (1)⇒(2).
2. Assume that FΩ1X,x is a free OXFp ,x-module of finite rank. Then, we have (2)⇒(1)
and FΩ1Z,x is a free OZFp ,x-module of finite rank.
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Proof. Let I ⊂ OX,x be the kernel of OX,x → OZ,x. Then, the condition (2) is equivalent
to that a minimal system of generators of I is a part of regular system of parameters of
OX,x. Hence, this is equivalent to the following condition:
(2′) The sequence 0→ I ⊗OX,x k(x)→ mX,x/m
2
X,x → mZ,x/m
2
Z,x → 0 is exact.
By Proposition 2.6, this is further equivalent to the following:
(1′) The fiber
(2.13) 0→ F ∗(NZ/X ⊗OZ k(x))
w
−→ FΩ1X ⊗OX k(x) −→ FΩ
1
Z ⊗OZ k(x)→ 0
of the sequence (2.12) is exact.
1. The condition (1) obviously implies (1′).
2. Since the stalks at x of F ∗(NZ/X ⊗OZ OZFp ) and FΩ
1
X ⊗OX OZFp are free OZFp ,x-
modules of finite rank, the condition (1′) conversely implies (1) and that FΩ1Z,x is a free
OZFp ,x-module of finite rank.
Corollary 2.9. Let A be a local ring with residue field k of characteristic p > 0. Let ΩA
be the k1/p-vector space defined in [4, 9.6.12] and regard dA : A→ ΩA as an FW-derivation
by identifying the inclusion k → k1/p with the Frobenius F : k → k. Then, the morphism
FΩ1A ⊗A k → ΩA induced by dA is an isomorphism.
Proof. For a k-vector space V , we identify V ⊗k k
1/p with F ∗V by identifying the inclusion
k → k1/p with the Frobenius F : k → k. We consider the diagram
(2.14)
0 −−−→ F ∗(mA/m
2
A) −−−→ FΩ
1
A ⊗A k −−−→ F
∗Ω1k/Fp −−−→ 0∥∥∥
y
∥∥∥
0 −−−→ mA/m
2
A ⊗k k
1/p −−−→ ΩA −−−→ Ω
1
k/Fp
⊗k k
1/p −−−→ 0.
The upper line is exact by Proposition 2.6 and the lower exact sequence is defined in [4,
Proposition 9.6.14]. The middle vertical arrow is induced by the FW-derivation dA : A→
ΩA and the diagram is commutative. Hence the assertion follows.
3 Regularity
Theorem 3.1. Let X be a noetherian scheme over Z(p) and XFp = X ×SpecZ(p) SpecFp
be the closed subscheme. Assume that the reduced part XFp,red is a scheme of finite type
over a field k with finite p-basis and [k : kp] = pr. Let n be an integer and we assume that
either of the following conditions is satisfied:
(a) X is flat over Z(p) and XFp is equi-dimensional of dimension n− 1.
(b) X = XFp is equi-dimensional of dimension n.
Then the following conditions are equivalent:
(1) At every point x ∈ XFp, the local ring OX,x is regular.
(2) The OXFp -module FΩ
1
X is locally free of rank n+ r.
(2′) The OXFp,red-module FΩ
1
X ⊗OX OXFp,red is locally free of rank n + r.
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Proof. (1)⇒(2): First, we show the case (a). Assume that X is flat over Z(p) and set
X1 = XFp ⊂ X2 = X ×SpecZ(p) SpecZ/p
2Z. Let W be a Cohen ring [5, Chapitre 0,
De´finition (19.8.4)] with residue field k. Then, since W2 = W/p
2W is formally smooth
over Z/p2Z by [5, Chapitre 0, The´ore`me (19.8.2) (i)], similarly as in the proof of Lemma
2.4.2, the morphism X1,red → Spec k is lifted to a morphism X2 → SpecW2 of finite type.
By the exact sequence 0 → OX1 → OX2 → OX1 → 0, the scheme X2 is flat over W2.
Since the assertion is local on X , we may take a closed immersion X2 → P2 = A
N
W2
for an
integer N ≧ 0.
The rest of the proof is similar to that of Corollary 2.8.2. The immersion X1 → P1 =
ANk is a regular immersion of codimension N − (n − 1) = N − n + 1 by [5, Chapitre
IV, Proposition (19.3.2)]. Since X2 is flat over W2, the immersion X2 → P2 is also a
regular immersion by [5, Chapitre IV, Proposition (19.3.7)]. The canonical morphism
FΩ1X → FΩ
1
X2
is an isomorphism by Corollary 2.3.1. Hence, we obtain an exact sequence
(3.1) F ∗NX1/P1 → FΩ
1
P2 ⊗OP1 OX1 → FΩ
1
X → 0
of OX1-modules by Proposition 2.2.1 and F
∗NX1/P1 is a locally free OX1-module of rank
N − n + 1.
TheW2-module FΩ
1
W2
is a k-vector space by Corollary 2.3.1 and is of dimension r+1 by
Proposition 2.6. Hence by Proposition 2.2.3, the OP2-module FΩ
1
P2
is a free OP1-module
of rank N + r + 1.
Since X is flat over Z(p) and XFp is of finite type over k, for each closed point x ∈ XFp,
we have dimOX,x + dimk(x)Ω
1
k(x) = n + r. Since OX,x is regular, by Proposition 2.6, the
k(x)-vector space FΩ1X ⊗OX k(x) is of dimension n + r. By counting the dimension, the
fiber at x of (3.1) is an exact sequence 0 → F ∗NX1/P1 ⊗OX1 k(x) → FΩ
1
P2
⊗OP1 k(x) →
FΩ1X ⊗OX1 k(x) → 0. Thus the morphism F
∗NX1/P1 → FΩ
1
P2
⊗OP1 OX1 of locally free
modules of finite rank is a locally split injection and FΩ1X is a locally free OX1-module of
rank n+ r.
The proof is similar in the case (b). After shrinking X = XFp , we take a closed
immersion X → P = ANk . By Corollary 2.3.2, FΩ
1
P is isomorphic to the free OP -module
F ∗Ω1P of rank N + r. Hence it suffices to apply Corollary 2.8.2 to the immersion X → P .
The implication (2)⇒(2′) is obvious.
(2′)⇒(1): Let x ∈ XFp and set d = dim {x}. In the case (a), we have dimOX,x =
dimOXFp ,x + 1 = n − d. In the case (b), we have dimOX,x = dimOXFp ,x = n − d. Since
dimΩ1k(x) = dimΩ
1
k + r, we have dimmx/m
2
x = (n + r) − (d + r) = n − d by the exact
sequence (2.10). Hence OX,x is regular.
Corollary 3.2. Let Z → X be a closed immersion of regular noetherian schemes. Assume
that the reduced part XFp,red of XFp = X ×SpecZ SpecFp is a scheme of finite type over a
field k of finite p-basis. Then for ZFp = Z ×SpecZ SpecFp, the sequence
(3.2) 0→ F ∗(NZ/X ⊗OZ OZFp )
w
−→ FΩ1X ⊗OX OZFp −→ FΩ
1
Z → 0
of OZFp -modules is a locally split exact sequence.
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Proof. Since the OXFp -module FΩ
1
X is locally free of finite rank, the assertion follows from
Corollary 2.8.2.
Corollary 3.3. Let X be a regular noetherian scheme flat over Z(p) and XFp = X×SpecZ(p)
SpecFp be the closed subscheme. We consider the following conditions:
(1) The morphism OXFp → FΩ
1
X of OXFp -modules defined by w(p) is a locally split
injection of locally free OXFp -modules.
(2) XFp is regular.
1. We have always (1)⇒(2).
2. Assume that the reduced part XFp,red is a scheme of finite type over a field k of finite
p-basis. Then we have (2)⇒(1).
Proof. It suffices to apply Corollary 2.8.1 and Corollary 3.2 to Z = XFp respectively.
4 Relation with cotangent complex
We recall some of basic properties on cotangent complexes from [6, Chapitres II, III]. For a
morphism of schemes X → S, the cotangent complex LX/S is defined [6, Chapitre II, 1.2.3]
as a chain complex of flat OX -modules, whose cohomology sheaves are quasi-coherent.
There is a canonical isomorphism H0(LX/S)→ Ω
1
X/S [6, Chapitre II, Proposition 1.2.4.2].
This induces a canonical morphism LX/S → Ω
1
X/S [0].
For a commutative diagram
(4.1)
X ′ −−−→ S ′
f
y
y
X −−−→ S,
a canonical morphism Lf ∗LX/S → LX′/S′ is defined [6, Chapitre II, (1.2.3.2)
′]. For a
morphism f : X → Y of schemes over a scheme S, a distinguished triangle
(4.2) Lf ∗LY/S → LX/S → LX/Y →
is defined [6, Chapitre II, Proposition 2.1.2].
The cohomology sheafH1(LX/S) is studied as the module of imperfection in [5, Chapitre
0, Section 20.6]. If X → S is a closed immersion defined by the ideal sheaf IX ⊂ OS
and if NX/S = IX/I
2
X denotes the conormal sheaf, there exists a canonical isomorphism
H1(LX/S)→ NX/S [6, Chapitre III, Corollaire 1.2.8.1]. This induces a canonical morphism
LX/S → NX/S[1].
Lemma 4.1. 1. ([6, Chapitre III, Proposition 1.2.9]) Let f : X → Y be an immersion
of schemes over a scheme S. Then, the boundary morphism ∂ : NX/Y → f
∗Ω1Y/S of the
distinguished triangle Lf ∗LY/S → LX/S → LX/Y → sends g to −dg.
2. ([6, Chapitre III, Proposition 3.1.2 (i)⇒(ii)]) Let X → S be a smooth morphism.
Then, the canonical morphism LX/S → Ω
1
X/S[0] is a quasi-isomorphism.
3. ([6, Chapitre III, Proposition 3.2.4 (iii)]) If X → S is a regular immersion, the
canonical morphism LX/S → NX/S[1] is a quasi-isomorphism.
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For a scheme E over Fp, let F : E → E = E
′ denote the absolute Frobenius morphism.
We canonically identify Ω1E/Fp = Ω
1
E/E′ .
Lemma 4.2. Let E be a scheme smooth over a field of characteristic p > 0.
1. The canonical morphism LE/Fp → Ω
1
E/Fp
[0] is a quasi-isomorphism and the OE-
module Ω1E/Fp is flat.
2. If E ′ → E is a morphism of schemes smooth over fields, we have an exact sequence
(4.3) 0→ H1(LE′/E)→ Ω
1
E/Fp ⊗OE OE′ → Ω
1
E′/Fp → H0(LE′/E)→ 0
and Hq(LE′/E) = 0 for q > 1.
Proof. 1. By the distinguished triangle Lk/Fp ⊗k OE → LE/Fp → LE/k and Lemma 4.1.2,
the assertion is reduced to the case where E = Spec k. Since the formation of cotangent
complexes commutes with limit, it is reduced to the case where E is smooth over k = Fp.
Hence the assertion follows from Lemma 4.1.2.
2. The assertion follows from the distinguished triangle LE/Fp ⊗OE OE′ → LE′/Fp →
LE′/E → and 1.
Lemma 4.3. Let X be a scheme. Let p be a prime number and E be a scheme over Fp.
Let f : E → X be a morphism of schemes.
1. We consider the following conditions:
(1) The morphism f : E → X factors through the absolute Frobenius morphism F : E →
E.
(2) The canonical surjection
(4.4) Ω1E/Z → Ω
1
E/X
is an isomorphism.
We have (1)⇒(2). If E is a smooth scheme over a field k, we have (2)⇒(1).
2. Assume that X is a regular noetherian scheme, that E is smooth over a field and
that f is of finite type and satisfies the equivalent conditions in 1. Then the OE-module
H1(LE/X) is locally free of finite rank.
Proof. 1. (1)⇒(2): Suppose f : E → X factors through F : E → E = E ′. Then since the
surjection Ω1E/Z → Ω
1
E/E′ is an isomorphism, the surjections Ω
1
E/Z → Ω
1
E/X → Ω
1
E/E′ are
isomorphisms.
(2)⇒(1): Since F : E → E is a homeomorphism, the continuous mapping f : E → X
is the composition of F : E → E with a unique continuous mapping g : E → X . By the
assumption that E is smooth over a field, the sequence 0 → OE → F∗OE
d
→ F∗Ω
1
E/Fp
is
exact. Hence the condition (2) means that the morphism g−1OX → F∗OE factors through
g−1OX → OE(p) and is equivalent to (1).
2. Since the assertion is local on E, we may assume that there exist a smooth scheme
P over X and a closed immersion E → P over X . Then, the distinguished triangle
LP/X ⊗OP OE → LE/X → LE/P → (4.2) defines an exact sequence 0 → H1(LE/X) →
NE/P → Ω
1
P/X ⊗OP OE → Ω
1
E/X → 0 by Lemma 4.1. Hence by the isomorphism (4.4), the
coherent OE-module H1(LE/X) is locally free of finite rank.
13
Proposition 4.4 (cf. [7, Lemma 1.1.4, Proposition 1.1.6]). Let f : E → X be a morphism
of schemes and assume that E is a scheme over Fp. Let u ∈ Γ(X,OX) and v ∈ Γ(E,OE)
be sections such that u|E = f
∗u ∈ Γ(E,OE) is the p-th power of v.
1. There exists a unique section
(4.5) ω ∈ Γ(E,H1(LE/X))
satisfying the following condition: Let W ⊂ A1X = X ×SpecZ SpecZ[T ] be the closed
subscheme defined by u − T p and define a morphism E → W over X by sending T to
v ∈ Γ(E,OE). Then, the image of ω by Γ(E,H1(LE/X))→ Γ(E,H1(LE/A1X )) is the image
of u− T p ∈ Γ(W,NW/A1X ).
2. Let u′ ∈ Γ(X,OX) and v
′ ∈ Γ(E,OE) be another pair of sections satisfying u
′|E = v
′p
and define ω′, σ, µ ∈ Γ(E,H1(LE/X)) for pairs (u
′, v′), (u+ u′, v + v′), (uu′, vv′) similarly
as in (4.5). Let w(p) ∈ Γ(E,H1(LE/X)) denote the image of p ∈ NFp/Z. Then, we have
σ = ω + ω′ − P (v, v′) · w(p),(4.6)
µ = u′ · ω + u · ω′.(4.7)
3. Assume v = 0 and let E → Z ⊂ X be the morphism to the closed subscheme defined
by u. Then the morphism Γ(Z,NZ/X)→ Γ(E,H1(LE/X)) defined by LZ/X⊗
L
OZ
OE → LE/X
sends u ∈ Γ(Z,NZ/X) to ω ∈ Γ(E,H1(LE/X)) (4.5).
4. Let X → S be a morphism of schemes. Then, the minus of the boundary mapping
−∂ : H1(LE/X) → Ω
1
X/S ⊗OX OE of the distinguished triangle LX/S ⊗
L
OX
OE → LE/S →
LE/X → sends ω ∈ Γ(E,H1(LE/X)) (4.5) to du ∈ Γ(E,Ω
1
X/S ⊗OX OE).
Proof. 1. The distinguished triangle LA1X/X ⊗OA1X
OE → LE/X → LE/A1X → defines an
exact sequence 0→ H1(LE/X)→ H1(LE/A1X )→ Ω
1
A1X/X
⊗O
A
1
X
OE . Since d(u− T
p) = 0 in
Γ(E,Ω1
A1X/X
⊗O
A1
X
OE), the assertion follows Lemma 4.1.1.
2. Let W ′ be the closed subscheme of A2X defined by (T
p − u, T ′p − u′). Then, (4.6)
follows from the binomial expansion
(u+ u′)− (T + T ′)p = (u− T p) + (u′ − T ′p)− P (T, T ′) · p
Similarly, (4.7) follows from
(uu′)− (TT ′)p = u′(u− T p) + u(u′ − T ′p)− (u− T p)(u′ − T ′p).
3. Since the morphism E → W ⊂ A1X factors through the 0-section Z ⊂ A
1
X , the
assertion follows from T p = 0 in Γ(Z,NZ/A1X).
4. The morphisms E →W → A1X → X → S define a commutative diagram
H1(LE/X) −−−→ H1(LE/A1X ) ←−−− NW/A1X ⊗OW OE
−∂
y −∂
y
yd
Ω1X/S ⊗OX OE −−−→ Ω
1
A1X/S
⊗O
A1
X
OE Ω
1
A1X/S
⊗O
A1
X
OE
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by Lemma 4.1.1. Since d(u− T p) = du in Γ(E,Ω1
A1X/S
⊗O
A1
X
OE) and since the lower left
horizontal arrow is an injection, the assertion follows.
The construction in Proposition 4.4 defines an FW-derivation.
Definition 4.5. Let X be a scheme and let E be a scheme over Fp. Let g : E → X be
a morphism of schemes and let LE/X denote the cotangent complex for the composition
f = g ◦ F : E → X with the absolute Frobenius F : E → E.
1. For u ∈ Γ(X,OX), we define
(4.8) w(u) ∈ Γ(E,H1(LE/X))
to be ω ∈ Γ(E,H1(LE/X)) (4.5) for u ∈ Γ(X,OX) and v = g
∗u ∈ Γ(E,OE).
2. By sheafifying the construction, we define an FW-derivation w : g−1OX → H1(LE/X)
and the morphism
(4.9) g∗FΩ1X → H1(LE/X)
defined by the universality of FΩ1X .
The construction of w(u) is functorial. The morphism w : g−1OX → H1(LE/X) is an
FW-derivation by Proposition 4.4.
Lemma 4.6. Let g : E → Z be a morphism of schemes over Fp and and let LE/Z denote
the cotangent complex for the composition f = g ◦ F : E → Z with the absolute Frobenius
F : E → E.
1. The morphism g∗FΩ1Z → H1(LE/Z) (4.9) is a split injection.
2. The split injection (4.9) is an isomorphism if H1(LE/Fp) = 0. The condition
H1(LE/Fp) = 0 is satisfied if E is smooth over a field.
Proof. 1. The composition
g∗FΩ1Z
(4.9)
−−−→ H1(LE/Z)
−∂
−−−→ f ∗Ω1Z/Fp
is the isomorphism induced by (2.6) by Proposition 4.4.4. Hence g∗FΩ1Z → H1(LZ/X)
(4.9) is a split injection.
2. The distinguished triangle Lf ∗LZ/Fp → LE/Fp → LE/Z → defines an exact sequence
H1(LE/Fp) → H1(LE/Z) → f
∗Ω1Z/Fp . Hence the vanishing H1(LE/Fp) = 0 implies the
isomorphism.
If E is smooth over a field, we have H1(LE/Fp) = 0 by Lemma 4.2.1.
Proposition 4.7. Let X be a scheme and let E be a scheme over Fp. Let g : E → X be
a morphism of schemes and Z ⊂ X be a closed subscheme such that g : E → X factors
through gZ : E → Z and that Z is a scheme over Fp. Let LE/X and LE/Z denote the
cotangent complexes for the compositions f = g ◦ F : E → X and fZ = gZ ◦ F : E → Z
with the absolute Frobenius F : E → E.
1. The canonical morphism g∗FΩ1X → H1(LE/X) (4.9) is a surjection if H1(LE/Fp) = 0.
The condition H1(LE/Fp) = 0 is satisfied if E is smooth over a field.
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2. The canonical morphism g∗FΩ1X → H1(LE/X) (4.9) and the morphism f
∗
ZNZ/X →
g∗FΩ1X defined by (2.3) are injections if H2(LE/Z) = 0.
The condition H2(LE/Z) = 0 is satisfied if E and Z are smooth over fields.
Proof. We consider the commutative diagram
(4.10)
f ∗ZNZ/X −−−→ g
∗FΩ1X −−−→ g
∗
ZFΩ
1
Z −−−→ 0∥∥∥ (4.9)
y (4.9)
y
H2(LE/Z) −−−→ f
∗
ZNZ/X −−−→ H1(LE/X) −−−→ H1(LE/Z) −−−→ 0
of exact sequences. The lower line is defined by the distinguished triangle Lf ∗ZLZ/X →
LE/X → LE/Z → and the upper line is the pull-back of the exact sequence defined by
(2.3).
1. If H1(LE/Fp) = 0, the right vertical arrow is an isomorphism by Lemma 4.6. Hence
the middle vertical arrow is a surjection. If E is smooth over a field, we have H1(LE/Fp) = 0
by Lemma 4.2.1.
2. If H2(LE/Z) = 0, since the right vertical arrow is an injection by Lemma 4.6, the
middle vertical arrow is an injection. Further the morphism f ∗ZNZ/X → g
∗FΩ1X is an
injection by the commutativity of the left square.
If E and Z are smooth over fields, we have H2(LE/Z) = 0 by Lemma 4.2.2.
Corollary 4.8. Let A be a local ring with residue field k of characteristic p > 0. Then,
the canonical morphism FΩ1A ⊗A k
1/p → H1(Lk1/p/A) (4.9) is an isomorphism.
Proof. It suffices to apply Proposition 4.7 to g : Z = Spec k → X = SpecA and f : E =
Spec k1/p → X .
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